We present a framework for the analytic calculations of the hierarchical wave functions and the composite fermion wave functions in the fractional quantum Hall effect on the sphere by using projective coordinates. Then we calculate the overlaps between these two wave functions at various fillings and small numbers of electrons. We find that the overlaps are all most equal to one.
I. INTRODUCTION
The fractional quantum Hall effect (FQHE) at the Landau-level (LL) filling fraction ν = 1/m with m an old integer is very well described by Laughlin's theory.
1,2 The Laughlin wave function is a very good approximation of the exact ground state of the quantum Hall effect (QHE) at ν = 1/m. However for the FQHE at ν = 1/m, there exist two well-known theories (notice that we will only consider the case that the electron spins are polarized in this paper). One is the hierarchical theory. The states at ν = 1/m are formed due to the condensation of the anyonic quasiparticles of Laughlin states. [3] [4] [5] [6] [7] [8] [9] [10] The trial wave functions constructed from this theory are called as the hierarchical wave functions. Another theory is based on the composite fermion (CF) approach proposed by Jain, 11 where the FQHE is due to the integer QHE of the composite fermions (CFs) (electrons bounded with an even magnetic flux quanta). The trial wave functions constructed from the CF theory are called as the CF wave functions (or Jain's wave functions) The overlaps of the exact states with the hierarchical wave functions and the CF wave functions are both excellent. It has also been shown that two theories predict the same topological excitations at the same ν .
7,8,12
The two theories must be physically equivalent if they both describe correctly the physics of the FQHE. Thus it would be very interesting to study the difference and equivalence of the two theories.
In this paper, we present a framework for the analytic calculations of the two wave functions on the sphere by using projective (or stereographic) coordinates on the sphere.
There are several advantages of using spherical geometry. As it is a compact surface, there will be no edge state to be worried if we are only interested in the bulk state. Also the system has rotational invariance symmetries. On the torus, though the system has translational invariance and no boundaries, the hierarchical wave functions are very difficult to calculate and quite complicated due to its nontrivial topology, 13 and we do not even know how to construct the CF wave functions with the correct center coordinate degeneracy on a torus.
Because the states considered in the FQHE are restricted to the lowest Landau level (LLL), the wave functions are only dependent on holomorphic coordinates (polynomials of the holomorphic coordinates) on the sphere. Therefore it is possible to use only holomorphic coordinates to do all calculations. To compare the two types of hierarchical wave functions is the same to compare the two polynomials of holomorphic coordinates on the sphere. We note that our ultimate goal is to expand those wave functions in polynomials and calculate the overlaps of two wave functions or physical quantities (for example, the density-density correlations) at an arbitrary number of electrons by the method (Jack polynomials method) used in studying the Calogero model. 14 We do not know how to do it at the moment, and further progresses on it will enhance our understandings of the theories of the FQHE.
We organize the paper as follows; first we review the Landau level problem on the sphere.
A self-contained derivation of eigenstates of an electron on a sphere with a monopole field by using a simple geometric argument and projective coordinates is given in the appendix.
Then we show how to classify the many-body eigenstates of the angular momentum in the LLL. We then construct the wave functions based the theory of the hierarchical states and the theory based on the CF picture. The wave functions constructed in this paper are easy to handle in the practical calculation. Finally we calculate the overlaps of the hierarchical wave functions and the CF wave functions at various fillings ν and some small numbers of electrons.
II. QUANTUM MECHANICS ON THE SPHERE
The electrons are constrained to move on the surface of a sphere of radius R having a magnetic monopole in its center. The total magnetic flux 4πR 2 B must be an integer multiple φ = 2S of the magnetic flux quantum φ 0 = 2hπc/e according to the Dirac quantization condition. Therefore, the sphere radius R is equal to S 1/2 l 0 , where l 0 = (h c eB
)
1/2 is the magnetic length. The eigenstates of an electron are given by monopole spherical harmonics.
3,15
First, we briefly review the old method to derive the wave functions of the Landau levels (LLs), then rederive them by using Algebraic Geometry.
For simplicity, we take unitsh and c equal to one in the following formulas. The Hamiltonian of a single electron of mass m e is given by H = 1 2me
2 . However, since the electron is confined on the spherical surface, one shows,
where Λ = r × (P + eA), ω c is the cyclotron frequency, P = −i∇ , ∇ × A = BΩ, and
The components of Λ obey the commutation relations
Using these equations, the relation |Λ| 2 = |L| 2 − S 2 can be obtained. Thus the eigenvalues of |Λ| 2 can be deduced from the usual angular momentum algebra , of which the singularity lies on the north pole (we choose a different gauge from the one used in Ref.
3). The wave functions at the LLL are given by
where m = −S, −S + 1, · · · , S, and
All wave functions of the LLs can be derived by this way, 15 and we will not repeat this derivation here. In the following, all eigenstates will be obtained by using projective coordinates, 16, 17 and the method developed in Ref. 18 .
The projective coordinates are given by z = 2R cot θ 2 e iϕ and its complex conjugatez. We will take R = 1/2 for simplicity. The measure on the sphere is dxdy (1+zz) 2 . The Hamiltonian of Eq. (1) in projective coordinates is now written by the following formula,
where
and φ is the flux (in the unit of the fundamental flux φ 0 ) out of the surface. Note that the Hamiltonian given by Eq. (5) (we call this Hamiltonian as H ′ in the appendix) is different from the one given by Eq. (1) by a constant.
The ground states can be determined from the solutions of the equation (Pz +eAz)ψ = 0, and they are (unnormalized)
where l = 0, · · · , φ. At any Landau levels, the eigenstates (unnormalized) are given by (from the appendix),
Under any finite rotations, z coordinate is transformed as z ′ = az+b cz+d
. The rotation matrix
 is generated by the rotations along the three Cartesian axes,
The rotational invariance of Hamiltonian is shown by the identity:
The wave function is transformed under rotations as
We list some useful relations when we do a finite rotation on a many-body wave function.
z i − z j , and 1 + z izi are transformed under the finite rotation as
1 +z
Finally, the angular momentum operators for N electrons are
III. PROJECTIONS AND ANGULAR MOMENTUMS IN THE LLL
The FQH state is restricted to the LLL. In this section, we will discuss briefly how to project states to the LLL on the sphere (see Ref. 16 , and for the detailed discussions in the case of a plane or a disk, see Ref. 19) , and how to find the eigenstates of angular momentums when the particles are restricted to the LLL. Note that the construction of the CF wave functions involves the higher LLs, we need to project the wave functions to the LLL (see Sec. V).
The normalized states with flux φ in the LLL are
and l = 0, 1, 2, · · · , φ. The projection operator to the LLL is P = l |l >< l|, and it can be written also in the following form,
G(z, w) = φ + 1 2π
For the many-body wave functions, P (or G) is equal to
where P i is the projection operator of the i-th particle and N is the number of particles.
If the state is not in the LLL, the anti-holomorphic coordinatez will appear. Typically, it appears as
and P ψ is equal to
On the sphere, if the interactions between electrons are rotationally invariant, the eigenstates of the many-body Hamiltonian should be also the eigenstates of rotational operators J Now we are going to find the many-body wave functions on the LLL which are the eigenstates of J 2 and J z . In the LLL, the many-body wave functions Ψ have the form
Thus the projected J operators are:
where they act only on F . The angular momentum eigenstates of the many-body wave functions restricted to the LLL can be obtained by solving
where F (−J) is the lowest weight eigenstate with weight −J. Other states can be obtained
The first equation in Eq. (24) means that F (−J) is a homogeneous polynomial with degree
is an anti-symmetric function of holomorphic coordinates, it can be
Thus
, and the power of every coordinate in F ′ (−J) shall be less or equal than φ ′ where φ ′ = φ − (N − 1). By using Eq. (24) and Eq. (25) , one finds that F ′ (−J) satisfies the conditions:
Define symmetric polynomials σ i :
F ′ can be expanded as
where s i is a non-negative integer. By using Eq. (26), we get equations which C(s i ) and s i must obey. One of them is
The condition
must be satisfied in order that the wave function is normalizable. C(s i ) shall also satisfy the equation
is a linear combinations of C(s i ), and it shall be equal to 0. The generation function for the number of solutions of Eq. (30) or Eq. (33) is
The number of solutions of Eq. (30) is equal to the sum of the coefficient of term
We can also use a generation function of one variable,
The number of solutions of Eq. (30) is then given by the coefficient of t L of function G(t).
The asymptotic behavior of M(J, N, φ ′ ) can be obtained by using the steepest descent method. 22 When L and φ ′ are both large, M(J, N, φ ′ ) is equal to exp(S(J, N, φ ′ )) approximately, and exp(S(J, N, φ ′ )) is determined by the following equations,
We list the number of rotational invariance states at various fillings in Table I .
IV. HIERARCHICAL WAVE FUNCTIONS
In this section, we will discuss the construction of the hierarchical wave functions.
2-4
The quasiparticles satisfy fractional statistics, and the condensation of quasiparticles gives rise to the FQH state with ν = 1/m.
where m is a positive integer. For ν = Or in the projective coordinates, it is
The Laughlin wave function with the presence of quasiparticle excitations is given by acting the quasiparticle excitation operators on the original Laughlin wave function. The quasiparticle excitation operator is given by
where α = cos θ 2 e iϕ , and β = sin
are the quasiparticle coordinates. In the projective coordinates, the operators of the quasihole excitation and the quasielectron excitation are given in the following form,
where ω ,ω is the projective coordinates of the quasiparticle, and
The flux φ in the presence of a quasielectron (quasihole) is φ m − 1 (φ m + 1).
The slightly entangled appearance of A(ω) hides, indeed, a form which is analogous to
To unveil the similarities, one can show that
gives the wave function of the Laughlin state in the presence of a quasihole as that in Eq.
(42). P (φ, z i ) (here φ = φ m − 1) projects the wave function to the LLL with flux φ with respect to coordinates z i . Thus the construction of the hierarchical wave functions due to the condensation of quasielectrons will naturally involve higher Landau levels as in the case of the CF wave functions (see the next section).
Instead using A(ω,ω)Ψ m (z i ), we can also create a quasielectron excitation using
AD as a wave function by the hard core construction.
In the case of many quasiparticle excitations, the operators of excitations are
When A Nq acts on Ψ m , one can show
One shall be careful about the ordering of
As in the case of a single quasihole excitation, the wave function in the presence of Nuasiholes can be also written as
To construct the hierarchical wave functions, we shall normalize the Laughlin wave functions in the presence of quasiparticles. One can show that Ψ e,q = [ 
or explicitly,
is the hierarchical wave function due to the condensation of quasiholes, and the hierarchical wave functions due to the condensation of quasielectrons by the non-hard core construction and the hard core construction are given in the following formulas,
We also require the wave functions above being rotationally invariant. This requirement leads to
ξ 2 = ±1 in the case of the condensation of quasiholes and quasielectrons respectively. And the Landau level filling fraction ν is equal to
For m = 1 and ξ 2 = 1, the filling ν =
is equal to the filling of the charge conjugate
. Actually, the wave function Ψ e (m, p) is also the charge conjugate of the Laughlin wave function at filling ν = , and this shows that the construction of the wave function is consistent with physical picture. When m = 1, we notice that, in the formula for Ψ e (m, p), we can not do the integration exactly due to the term |Ψ 1 (ω α )| 2/m . We can approximate the trial wave function Ψ e (m, p) by omitting |Ψ 1 (ω α )| 2/m , and it becomes
The wave function written in Eq. (54) is still rotationally invariant, 9,17 , and we are able to integrate it. When m = 1, the formula for Ψ e (m, p) in Eq. (50) is integrable. When m = 1, we find that the overlap between the wave functions given in Eq. (50) and Eq. (54) is excellent for a small number of electrons. In Ref. 9 , it was also found that the overlapping of the wave functions given by Eq. (54) with the exact ground state of the FQH is all most equal to one for a small number of electrons. We note that the wave functions calculated in Sec. VI are based on the formulas written in Eq. (52) and Eq. (54).
In the formula for Ψ e (m, −p) or Ψ e,hard (m, −p), we note that one can do the integration first, and then the projection, or vice versa. In Sec. VI, the overlap between these two wave functions will be calculated for a small number of electrons and it is found that the overlap is all most equal to one.
We will call the above hierarchical states as the 2nd-level hierarchical states, and the Laughlin states as the 1st-level hierarchical states. The higher-level hierarchical states can be built in the similar way. 7, 8, 17, 9 We denote the k ′ th-level hierarchical states by For the higher-level hierarchical wave functions involving the condensation of quasielectrons, we can make a further simplification. We take (p 1 , −p 2 , − p 3 ) as an example. The wave function for this state is
where N 
The wave function in Eq. (56) is quite similar to the wave function constructed in Ref. 7 ,
However it is difficult to handle Eq. (57) in the practical calculation due to the singularities.
Finally by requiring the rotational invariance of the wave function (56) or (57), one gets
and Eq. (58) implies that the filling of the FQH state is equal to
We point out that the wave function proposed in Ref. 7 had been also constructed on the torus. 13 It would be very interesting if we can generalize the construction of the wave function (56) to the torus.
V. COMPOSITE FERMION WAVE FUNCTIONS
The CF theory of the FQHE has significantly advanced the understanding of the FQHE recently. 11 The FQHE is due to the integer QHE of the CFs, where a CF is the bound state of an electron and an even number of vortices. We will discuss in this section how to calculate the CF wave functions in our framework.
Jain proposed that all trial wave functions of the FQHE (note again in this paper the spin is polarized) can be obtained by using two operations, D and C, respectively composite fermionization and charge conjugation, on the wave functions of the integer QHE of the CFs.
For example, the trial wave function of electrons at ν = n/(2n + 1) can be written as P Dχ n , where χ n is the wave function of the CFs which fill completely the first n Landau levels with flux φ * (P is the projection operator to the LLL as in the previous sections). The flux of the state P Dχ n is equal to 2(N −1)+φ * where φ * = N n −n. We can also use Ψ 1 P (φ−N +1)Ψ 1 χ n as the trial wave function and we call this wave function as the wave function by the hard core construction. The charge conjugation of P Dχ n (or
. The trial wave function at other fillings can be obtained by acting repeatedly D and C on P Dχ n (Ψ 1 P (φ − N + 1)Ψ 1 χ n ) (each state can be obtained only in a unique way in this picture except the ordering of operator P ).
χ n is given by the determinant χ n = det(ψ s,k (z i )), where
can be simplified and it is given by the following formula,
where N ′ = N/n = φ * + n. We divide N electrons into n groups. The set of the original coordinates z i can be mapped to z s,k with s = 0, 1, · · · , n − 1, k = 1, 2, · · · , N ′ . The determinant is proportional to
and AN is the anti-symmetrizing operator on all coordinates z s,k . The wave functions Ψ = P (φ)Dχ n and Ψ hard = Ψ 1 P (φ − N + 1)Ψ 1 χ n can be written in the following form,
where SY is the symmetrizing operator on the electron coordinates, and
Before doing the anti-symmetrizing or the symmetrizing in the formulas above, it appears that there are n different groups of electrons and there are correlations between different groups. The generic terms before doing the projection, for example, in the formula of Ψ, arē
It will be projected to
As
is a constant and is not dependent on s, l, we can discard it in the process of the projection. Thus P will act in the following way (discarding constant
For example, by applying this formula to Ψ = P Dχ 2 , the wave function is then given by
The trial wave function Ψ c for filling 1 − ν is related to the trial wave function Ψ at filling ν by charge conjugation,
where M is the number of particles in the state Ψ, N is the number of electrons in Ψ c , One can also act D on Ψ and we will get another trial wave function of the FQH state at filling
, where ν is the filling of the state Ψ. Repeatedly acting D and C on P Dχ n , we can get the trial wave functions at all observable fillings.
VI. THE OVERLAPS BETWEEN HIERARCHICAL WAVE FUNCTIONS AND CF WAVE FUNCTIONS
We perform the calculations of the wave functions symbolically by using Maple. The overlaps between the hierarchical wave function and the CF wave functions are calculated, Some overlaps between the wave functions with or without the hard core construction are also calculated. The formula of the trial wave functions for the FQHE in the previous sections need to be normalized before we calculate the overlaps. Table II lists When N = 3, 4, φ = 6, there is only one rotational invariant state, which must also be the ground state. This explains why some of overlaps in the table are equal to one exactly.
Because of limited CPU we are allowed to use, we are only able to calculate some hierarchical wave functions up to 6 electrons, and some CF wave functions up to 10 electrons.
The detailed calculations can be found in Ref. 25 . In the future, we will calculate the wave functions with more numbers of electrons.
From the calculations, we conclude that, the hierarchical wave functions and the CF wave functions are all most the same in the case of a small number of electrons.
VII. CONCLUSIONS
In this paper, we present a detailed discussion about the calculation of the trial wave functions on the sphere. The projective coordinates are used in performing the calculations.
A self-contained derivation of the LLs on the sphere (or any surfaces with a constant curvature) using geometrical method is also given in the paper. The many-body wave function in the LLL are studied and classified in the angular momentum bases. We also simplify the formulas for the hierarchical wave functions and the CF wave functions.
There are many interesting things which we want to study in the future. We shall use theories of polynomials to study those wave functions. 26, 27 It would be very interesting if
we can obtain the polynomials explicitly for the wave functions at an arbitrary number of electrons.
There is a mapping between a trial wave function in the FQHE and a wave function in an one-dimension space. 28 Because of the existence of the mapping, one may apply the method used to study the Calogero model to study the trial wave functions in the FQHE, and then it may be possible to calculate some physical quantities from the trial wave functions at an arbitrary number of electrons. 
APPENDIX: LANDAU LEVELS ON COMPACT CLOSED SURFACES
In this appendix, we will study the LLs on general compact closed surfaces, and work out the LLs on the sphere as an example.
If the magnetic field and the curvature are constant, the spectrum, the wave functions and the degeneracy of Landau levels (LLs) can be obtained by using a very simple geometric argument. 18 A self-contained presentation of the idea based on Ref. 18 will be found in this appendix, and some examples will be included.
In the case that the surface is a plane, a sphere, or a torus, the spectrum and eigenfunctions of the LLs can be exactly solved. 29 For example, the LLs on a sphere with a Dirac-monopole on the origin, were solved by Dirac long time ago. The problem in the case of the surface being an open up-half hyperbolic plane with a constant negative curvature was solved completely where there exist a discreet spectrum (this is the spectrum of the LLs) in the low-energy sector and a continue spectrum in the high-energy sector. 
Ground States
We will show here that, when the magnetic field is constant, the ground states satisfies a first-order holomorphic (or anti-holomorphic) differential equation and the ground states belong to the sections of a holomorphic line bundle.
We consider a particle on a surface interacting with a magnetic field. In complex coordinates, the metric is ds 2 = g zz dzdz and the volume form is
The natural definition of the constant magnetic field to the high genus Riemann surface is
where B is a constant. Thus we have ∂ z Az − ∂zA z = ig zz B/2. If the surface is closed, the magnetic field is then called "monopole" field and subjected to the Dirac quantization condition. The flux φ (φ must be an integer) is given by 2πφ = F = BV , where V is the area of the surface and we assume here B > 0 (φ > 0) for simplicity. The Hamiltonian of a particle on the surface is given by the following equation,
, and ∂z = (∂ x + i∂ y )/2. We define the inner product between two wave functions as < ψ 1 |ψ 2 >= dvψ 1 × ψ 2 .
Define 
One finds that h 0 (L) indeed gives the right degeneracy of the ground states in the case of a particle on a sphere or a torus interacting with a magnetic-monopole field.
In the case of non-compact surfaces, for example an infinite plane or an up-half hyperbolic plane, the flux out of the surfaces are infinite, and the degeneracy is infinite too. The degeneracy of the LLs turns out be infinite. Thus Eq. (A3) also gives correctly the degeneracy, as when the flux is infinite, the equation implies that h 0 (L) becomes infinite. When the surface has a boundary, for example a disc, one would expect that Eq. (A3) is replaced by a new index relation given by the boundary index theory. Note that, when the flux is much bigger than one, the degeneracy of the ground states are approximately equal to the flux φ out of the surface.
Higher Landau Levels
We study the higher LLs in the case of the curvature of the surface being constant. When For any eigenfunctions of the Hamiltonian, they satisfy
If the domain ofz intersects non-trivially the domain of z, g zz dzdz is invariant under coordinate changes, or
on the intersection of the domains of z andz. Define
D andD are transformed as
We take m = 2 in Eq. (A2) for the simplicity. The Hamiltonian can be written in the following form,
Thus the Hamiltonian in the domain z is transformed to the Hamiltonian in the domainz
and the wave function is transformed as
Therefore ψ(dz) To obtain the spectrum and wave functions of the higher LLs, we introduce the covariant derivative,
Using the relation ∂∂lng = gC, one can show that,
We first discuss the case of a negative curvature surfaces. If B ′ ≥ 1, one can show that (1) with∂Φ(1) = 0, whereΦ (1) is of the form T B ′ −1 . By the Riemann-Roch theorem, there exist solutions of the equation ∂Φ(1) = 0 for B′ ≥ 1, and the number of the solutions or the degeneracy of this Landau level is the dimension of the sections of the holomorphic bundle T B ′ −1 , which is equal to
The energy of this LL or the lowest excited states is
If B ′ < 1, there is only the zero ′ th "Landau level" or the LLL (there exists a continue spectrum in the high-energy sector, and the states in the continue spectrum are not called as the states in the LLs).
We can generalize the above discussion to higher LLs. The wave function of the k ′ th LL is given by Using Eq. (A13), we calculate the eigenvalue of the corresponding wave function ψ k , and it is equal to
The degeneracy of the k ′ th LL is given by the dimension of the sections of the holomorphic bundle of the type T B ′ −k , which is equal to (2B
Because the dimension of T n is zero when n is negative, k must not be greater than B ′ . Hence there is only a finite number of "Landau levels". To normalize ψ k , we calculate the inner product < ψ k |ψ k >. By using Eq. (A13). It is given by the following equation,
where the inner product < Φ(k)|Φ(k) > is defined as
The definition of the inner product between two Φ(k) given in Eq. (A20) is quite natural because Φ(k) is a differential form of the type TB
is also normalized to one. Now we come to the case of a closed surface with a positive curvature, which is a little bit different from the case of a surface with a negative curvature. Now we have only h = 0 according to the previous discussion. The wave function ψ is a differential form of type TB
with B ′ being a negative number. In the formula
one can show that < ψ 1 |∇ z (−∇ z ∇ z Φ) >≥ 0 for any negative B ′ . By using Riemann-Roch theorem, one finds that there always exists Φ(1) such that ∇ z ∇ z Φ(1) = 0, which leads tō DΦ = 0. Therefor for any B ′ , there exists a higher LL. One can repeat the argument to obtain the states in the higher LLs and obtains the full spectrum and wave functions.
The wave functions of the states in the k ′ th LL are again given by Eq. (A17), with The energy is again given by Eq. (A18). However, a higher LL has a higher degeneracy and the number of the LLs is infinite in such case. Instead, in the case of a surface with a negative curvature, a higher LL has a smaller degeneracy. and the number of the LLs is finite. From Eq. (A18), one notices that, in the case of a positive curvature surface, the energy gap in the neighboring LLs increases when the level increases, and in the case of a negative curvature surface, the energy gap in the neighboring LLs decreases when the level increases.
It is easy to generalize the above discussions to non-compact surfaces, and we will work out an example in the following discussion. Another example is that the surface is a sphere. In the projective coordinates. the metric g is written as g = The wave functions at the n ′ th Landau level (n = 0 is the lowest Landau level) are given by Eq. (7).
From previous discussions, we can easily find the inner product < ψ n,l |ψ n,l > is equal to π l!(φ+2n−l)! (φ+2n+1)(φ+n)! . The inner product is as previously defined, < ψ 1 |ψ 2 >= dvψ 1 × ψ 2 , where dv = dxdy (1+zz) 2 . However inside the paper, The definition of the inner product is different from the definition in the appendix. The inner product in the paper is defined as
As dzdz = 2dxdy, thus < ψ n,l |ψ n,l > is given by the following formula, < ψ n,l |ψ n,l >= 2π l!(φ + 2n − l)! (φ + 2n + 1)(φ + n)! .
This formula is used in the paper. 
TABLES

